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1. Introdution.
Let N be a natural number and
ak(N) =
1
N
max{|A| : A ⊆ [1, N ],
A  does not ontain an arithmeti progression of length k},
where |A| denotes the ardinality of a set A. In [1℄ P. Erdos and P. Turan
realised that it ought to be possible to find arithmeti progression of length
k in any set with positive density. In other words they onjetured that for
any k ≥ 3
ak(N)→ 0, as N →∞ (1)
In ase k = 3 onjeture (1) was proved by K.F. Roth in [2℄. In his paper
Roth used the Hardy  Littlewood method to prove the inequality
a3(N)≪
1
log logN
.
At this moment the best result about a lower bound for a3(N) belongs to J.
Bourgain [3℄. He proved that
a3(N) ≪
√
log logN
logN
. (2)
For an arbitrary k onjeture (1) was proved by E. Szemeredi [4℄ in 1975.
The seond proof of Szemeredi's theorem was given by H. Furstenberg in
[10℄, using ergodi theory. Furstenberg showed that Szemeredi's theorem is
equivalent to the multiple reurrene of almost every point in an arbitrary
dynamial system. Here we formulate this theorem in the ase of metri
spaes :
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Theorem 1.1 Let X be a metri spae with metri d(·, ·) and Borel sigma
algebra of measurable sets Φ. Let T be a measurable map of X into itself
preserving the measure µ and let k ≥ 3. Then
lim inf
n→∞
max{d(T nx, x), d(T 2nx, x), . . . , d(T (k−1)nx, x)} = 0.
for almost all x ∈ X.
Atually, H. Furstenberg obtained more general result.
Theorem 1.2 Let X be a metri spae with metri d(·, ·) and Borel
sigmaalgebra of measurable sets Φ. Let l ∈ N and T1, . . . , Tl be ommutative
measurable maps of X into itself preserving the measure µ. Then
lim inf
n→∞
max{d(T n1 x, x), d(T
2n
2 x, x), . . . , d(T
n
l x, x)} = 0.
for almost all x ∈ X.
Unfortunately, Szemeredi's methods give very weak upper bound for
ak(N). Furstenberg's proof gives no bound. Only in 2001 W.T. Gowers [5℄
obtained a quantitative result about the speed of tending to zero of ak(N)
with k ≥ 4. He proved the following theorem.
Theorem 1.3 Let δ > 0, k ≥ 4 and N ≥ exp exp(Cδ−K), where C,K > 0
is absolute onstants. Let A ⊆ {1, 2, . . . , N} be a set of ardinality at least
δN . Then A ontains an arithmeti progression of length k.
In other words, W.T. Gowers proved that for any k ≥ 4, we have ak(N) ≪
1/(log logN)ck , where onstant ck depends on k only.
Consider the following problem. Let us onsider the twodimensional
lattie [1, N ]2 with basis {(1, 0), (0, 1)}. Define
L(N) =
1
N2
max{ |A| : A ⊆ [1, N ]2 and
A  does not ontain any triple {(k,m), (k + d,m), (k,m+ d), d > 0}
with positive d}. (3)
A triple from (3) will be alled a "orner". In papers [7, 10℄ shown that
L(N) tends to 0 as N tends to infinity. W.T. Gowers (see [5℄) set a question
about the speed of onvergene to 0 of L(N).
In [8℄ V. Vu proposed the following solution. Let us define log
∗
N as the
largest integer k suh that log[l]N ≥ 2, where log[1]N = logN and for l ≥ 2
log[l] = log(log[l−1]N). V. Vu proved that
L(N) ≤
100
log1/4
∗
N
2
The main result of [6℄ is
Theorem 1.4 Let δ > 0, N ≥ exp exp exp(δ−c), where c > 0 is an absolute
onstant. Let A ⊆ {1, . . . , N}2 be a set of ardinality at least δN2. Then A
ontains a triple (k,m), (k + d,m), (k,m+ d), where d > 0.
Theorem 1.4 implies that L(N) ≪ 1/(log log logN)C1 , where C1 > 0 is
an absolute onstant.
In the present paper we apply Theorem 1.4 to the theory of dynamial
systems and obtain result about the multiple reurrene of almost every
point in an arbitrary dynamial system with two ommutative operators.
More preisely, we obtain quantitative version of Theorem 1.2 for the ase
l = 2.
2. On numerial reurrene.
Let X be a metri spae with metri d(·, ·) and a Borel sigmaalgebra
of measurable sets Φ. Let T be a measure preserving transformation of a
measure spae (X,Φ, µ) and let us assume that measure of X is equal to
1. The wellknown Poinare (see [9℄) theorem asserts that for almost every
point x ∈ X :
∀ε > 0 ∀K > 0 ∃t > K : d(T tx, x) < ε.
Consider a measure Hh(·) on X , defined as
Hh(E) = lim
δ→0
Hδh(E),
where h(t) is a positive (h(0) = 0) ontinuous inreasing funtion andHδh(E) =
infτ{
∑
h(δj)}, when τ runs through all ountable overings E by open sets
{Bj} , diam(Bi) = δj < δ.
If h(t) = tα then we get the ordinary Hausdorff measure Hα(·).
We shall say that a measure µ is ongruent to a measure Hh, if any
µmeasurable set is Hhmeasurable.
The following theorems 2.1 and 2.4 were proved in [13℄ (see also [11, 12℄).
Theorem 2.1 Let X be a metri spae with Hh(X) = C <∞ and let T
be a measure preserving transformation of X. Assume that µ is ongruent to
Hh.
Consider the following funtion: C(x) = lim infn→∞{n · h(d(T
nx, x))}.
Then the funtion C(x) is µintegrable and for any µmeasurable set A∫
A
C(x)dµ ≤ Hh(A).
If Hh(A) = 0 then
∫
AC(x)dµ = 0 with no demand on measures µ and Hh to
be ongruent.
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Now we introdue the following onept (see [14℄).
Definition 2.2 Let G be a totally bounded subset of X . By Nε(G,X)
denote the minimal ardinality of εnet of G. The number Hε(G,X) is alled
the εentropy of G. Put Nε(X) = Nε(X,X).
If X is totally bounded then for any δ, we have Nδ(X) <∞ and
∑
h(δj) ≤
Nδ(X)h(δ). Let h be the funtion from the definition of Hh. If Nδ(X) ≤
C/h(δ) then Hh(X) ≤ C.
Definition 2.3 Let N be a natural number. By CN(x) denote the funtion
CN(x) = min{ d(T
nx, x) | 1 ≤ n ≤ N }. The funtion CN(x) will be alled
Nonstant of reurrene for point x.
Theorem 2.4 Let X be totally bounded metri spae with metri d(·, ·)
and funtion N(x) = Nx(X). Let diam(X) = 1 and T be a measure
preserving transformation of X.
Let A ⊆ X be an arbitrary µmeasurable set and let g(x) be a real nonde-
reasing funtion bounded on [0, 1] suh that for any t ∈ (0, 1] there exists
Stieltjes integral
∫ 1
t NA(x)dg(x), where NA(x) = min(µ(A), Nx(A,X)/N).
Then ∫
A
g(CN(x))dµ ≤ inf
t
{g(t)µ(A) +
∫ 1
t
NA(x)dg(x) }.
The following lemma due to Poinare (see [9, 11℄).
Lemma 2.5 Let Y be µmeasurable set and t ≥ 1. Define
Y (t) := {x ∈ Y | T ix /∈ Y for all natural i, 1 ≤ i ≤ t}.
Then µ(Y (t)) ≤ 1/t.
This lemma is the main tool of the prove of Theorems 2.1, 2.4.
Let us now onsider the ase of two ommutative operators. Let S and
R be two ommutative measurepreserving transformation of X . The next
result is the main one of this setion.
Theorem 2.6 Let X be a metri spae with Hh(X) = C < ∞ and let
S,R be two ommutative measurepreserving transformation of X. Assume
that µ is ongruent to Hh.
Let us onsider the funtion
CS,R(x) = lim inf
n→∞
{L−1(n) ·max{h(d(Snx, x)), h(d(Rnx, x))}},
where L−1(n) = 1/L(n).
Then the funtion CS,R(x) is µintegrable and for any µmeasurable set A∫
A
CS,R(x)dµ ≤ Hh(A).
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If Hh(A) = 0 then
∫
A CS,R(x)dµ = 0 with no demand on measures µ and Hh
to be ongruent.
The next definition is analog of Definition 2.3.
Definition 2.7 Let N be a natural number. By CS,RN (x) denote the fun-
tion CS,RN (x) = min{max{d(S
nx, x), d(Rnx, x)} | 1 ≤ n ≤ N }. The funtion
CS,RN (x) will be alled Nonstant of simultaneously reurrene for point x.
Theorem 2.8 Let X be a totally bounded metri spae with metri d(·, ·)
and funtion N(x) = Nx(X). Let diam(X) = 1 and let S ,R be two measure
preserving transformation of X.
Let A ⊆ X be an arbitrary µmeasurable set and let g(x) be a real nonde-
reasing funtion bounded on [0, 1] suh that for any t ∈ (0, 1] there exists
Stieltjes integral
∫ 1
t NA(x)dg(x), where NA(x) = min(µ(A), Nx(A,X)L(N)).
Then ∫
A
g(CS,RN (x))dµ ≤ inft
{g(t)µ(A) +
∫ 1
t
NA(x)dg(x) }.
To prove Theorems 2.6 and 2.8, we need several lemmas.
Lemma 2.9 LetM = {M1, . . . ,Mn} be an arbitrary family of µmeasurable
sets. Let us assume that for any x ∈ X there exist at most l sets of the family
M ontain x. Then
µ(
n⋃
i=1
Mi) ≥
1
l
n∑
i=1
µMi.
Proof. The proof is trivial.
The next lemma is the main of this setion. Using this lemma we obtain
Theorems 2.6 and 2.8 by the same argument as Lemma 2.5 implies Theorems
2.1 and 2.4 (for details see [13℄).
Lemma 2.10 Let Y be a µmeasurable set, t ≥ 1. Define
Y (t) := {x ∈ Y | Six /∈ Y or Rix /∈ Y for all natural i, 1 ≤ i ≤ t}.
Then µ(Y (t)) ≤ L(t).
Proof. Let t ≥ 1. We may assume for onveniene that t to be natural.
Define
Mk1,k2 = S
−k1R−k2(Y (t)), 1 ≤ k1, k2 ≤ t.
Let x ∈ X . By A(x) denote the set of indexes (k1, k2) suh that x ∈ Mk1,k2 .
Then A(x) ⊆ [1, t]2. If |A(x)| > t2L(t), then using Theorem 1.4, we obtain
that A(x) ontains a orner. Hene there exist u1, u2, u3 ∈ Y (t) and natural
numbers k,m, d suh that x = S−kR−mu1 = S
−k−dR−mu2 = S
−kR−k−du3.
5
Sine S and R are ommutative, it follows that u1 = S
−du2 = R
−du3. Hene
for u1 ∈ Y (t) we have S
du1 ∈ Y (t) and R
du1 ∈ Y (t), d ≤ t. This ontradits
the definition of the set Y (t). Hene there exist at most t2L(t) the setsMk1,k2
suh that x ∈Mk1,k2. Using Lemma 2.9, we get
1 ≥ µ(
⋃
k1,k2
Mk1,k2) ≥
1
t2L(t)
∑
k1,k2
µ(Mk1,k2) =
µ(Y (t))
L(t)
(4)
Whene µY (t) ≤ L(t) as required.
Now we apply Theorem 2.6 to the ase of ompat metri spae.
The following lemma an be found in [15℄.
Lemma 2.11 Let X be a ompat metri spae and let T1, . . . Tl be on-
tinuous ommutative transformations of X. Then there exists a finite mea-
sure µ suh that transformations T1, . . . Tl preserve µ.
Corollary 2.12 Let X be a ompat metri spae with metri d(·, ·) and
Hh(X) < ∞. Let S,R be two ontinuous ommutative transformations of
X. Then there exists x ∈ X suh that
lim infn→∞{L
−1(n) ·max{h(d(Snx, x)), h(d(Rnx, x))}} ≤ C.
The author is grateful to Professor N.G. Moshhevitin for onstant at-
tention to this work.
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